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1. Introduction
Given a diagramof categories one can form the category of presections (see below) of that diagram. In category theory the
full subcategory of compatible presections (i.e. sections) is usually viewed as the 2-limit of the given diagram in the category
of categories. Such situations arise frequently, e.g. the category of quasi-coherent sheaves on a scheme is naturally the 2-
limit of the categories of quasi-coherent sheaves on the affine opens. This observation leads to the correct generalization
of quasi-coherent sheaves on stacks and higher stacks, see [1, section 3.1.7]. There one has to take the homotopy limit of a
diagram of∞-categories. Nevertheless it is desirable to handle the diagram in a model category theoretic way, which is the
concern of this paper in the case of an inverse index category.
We describe the main result of the paper. Let I be a direct category. Let Φ : Iop → ModCat be a diagram of model
categories (for precise definitions of these notions and for the set theoretic conventions, see the next paragraph). Applying
the Dwyer–Kan simplicial localization we get a diagram LΦ : Iop → sCat of simplicial categories. On the other hand, we
have a model category of presections PSect(I,Φ) of Φ , which are systems of objects Xi of Φ(i) for any i ∈ I , together with
mapsΦ(f )(Xi)→ Xj for any f ∈ HomI(j, i) satisfying some compatibility condition. We call an object X of PSect(I,Φ) or of
Ho PSect(I,Φ) homotopy compatible if for any f ∈ HomI(j, i) the natural mapLΦ(f )(Xi)→ Xj is an isomorphism inHoΦ(j).
Recall that on sCat there is a cofibrantly generated model structure constructed in [2].
Theorem 1.1. The full simplicial subcategory of the Dwyer–Kan simplicial localization LPSect(I,Φ) consisting of homotopy
compatible systems and the simplicial category holimi∈IopLΦ(i)c are naturally isomorphic in Ho sCat.
Situations where this theorem can be applied arise naturally. For example to handle `-adic sheaves on a site in a derived
way one has to take homotopy compatible systems of Z/`iZ-sheaves, and such systems fit into our framework. See also [1,
section 3.1.8] for the development of the `-adic formalism in the setting of∞-categories. Further examples include `-adic
motivic sheaves, Zˆ-adic sheaves in number theory (Zˆ are the profinite numbers), systems of (∞, n)-categories and ∞-
categorical presheaves on filtered categories.
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2. Notations and definitions
Let a chain of universesU ∈ V ∈ W ∈ X be given. By aU-category wemean a category with aV-set of objects andU-sets
of morphisms between two fixed objects. A U-small category is a category object in USet.
AU-model category is aU-category which isU-bicomplete and has a model structure in the sense of [3, Definition 1.1.3].
Of course there are analogous definitions for the universes V andW.
Let UModCat be the 2-category of U-model categories, left Quillen functors and natural transformations. Thus UModCat
is a V-2-category, i.e. the objects form a W-set, the 1-morphisms and the 2-morphisms with fixed source and target are
V-sets.
By a cosimplicial resolution of an object X in a model category C we mean a cofibrant replacement X• → X in C4 for the
Reedy model structure, see [4, Definition 16.1.2 (1)] (by abuse of notation X also denotes the constant cosimplicial object).
Dually we have the notion of a simplicial resolution X → X•.
For a model category C we denote by Cc , Cf and Ccf the full subcategory of cofibrant, fibrant and cofibrant and fibrant
objects, respectively.
3. The category of presections
In this paragraphwedefine the category of presections of a diagramofmodel categories and prove basic properties thereof.
Let I be a U-small direct category in the sense of [3, Definition 5.1.1.2] andΦ : Iop → UModCat a pseudofunctor (see [3,
Definition 1.4.2] for the definition of pseudofunctor). We write f ∗ forΦ(f ) for a morphism f in I and f∗ for the right adjoint.
We denote by PSect(I,Φ) the following U-category:
Objects consist of collections of objects Xi of Φ(i) for any i ∈ I together with morphisms tX (f ) : f ∗(Xi) → Xj for any
i, j ∈ I , f ∈ HomI(j, i) such that for any i, j, k ∈ I , f ∈ HomI(j, i), g ∈ HomI(k, j), the composition
(fg)∗(Xi) ∼= g∗f ∗Xi g
∗(tX (f )) / g∗Xj
tX (g) / Xk
is equal to tX (fg).
A morphism ϕ from X to Y is a collection of morphisms ϕi : Xi → Yi in Φ(i) for any i ∈ I such that for any i, j ∈ I ,
f ∈ HomI(j, i), the diagram
f ∗Xi
tX (f ) /
f ∗(ϕi)

Xj
ϕj

f ∗Yi
tY (f ) / Yj
commutes.
If we are given a functor F : J → I of U-small categories then we abbreviate PSect(J,Φ ◦ F) by PSect(J,Φ) if it is clear
which functor F is meant. Similarly we write X |J for the image of an X ∈ PSect(I,Φ) in PSect(J,Φ).
On PSect(I,Φ) there is the injective model structure, where the weak equivalences and the cofibrations are defined
objectwise: the argument is analogous to the case of diagrams over the inverse category Iop with values in amodel category,
see [3, Theorem 5.1.3]. We use the injective model structure because we are not in the situation where themodel categories
are cofibrantly generated and the projective model structures are known to exist.
For i ∈ I we denote the slice category of i by I/i. Let Ii ⊂ I/i be the full subcategory consisting of all maps except the
identitymap. Let li : Φ(i)→ PSect(Ii,Φ) be the natural functor. It is a left Quillen functorwith right adjoint the ithmatching
space functor Mi : X 7→ lim(f :j→i)∈(Ii)op f∗Xj. For X ∈ PSect(I,Φ)we writeMiX forMi(X |Ii). The latter matching space comes
equipped with a natural map Xi → MiX .
We have the following
Lemma 3.1. Let X, Y ∈ PSect(I,Φ) and assume that X is homotopy compatible and Y fibrant. Let X• → X be a cosimplicial
resolution. Then we have the following statement:
(1) The diagram
Iop → UsSet
i 7→ HomPSect(I/i,Φ)((X•)|(I/i), Y |(I/i))
is fibrant in (UsSet)I
op
with respect to the injective model structure, and its limit is naturally isomorphic to
HomPSect(I,Φ)(X•, Y ).
(2) The evaluation maps
HomPSect(I/i,Φ)((X•)|(I/i), Y |(I/i))→ HomΦ(i)(X•i , Yi)
are weak equivalences of simplicial sets.
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Remark 3.2. This implies that we have (slightly abusing notation)
map(X, Y ) ' holimi∈Iopmap(Xi, Yi),
where as a system for the right-hand side one may take the one from Lemma 3.1 (1).
Proof. The square
HomI/i(X•|(I/i), Y |(I/i)) f /
p

HomΦ(i)(X•i , Yi)
q

HomIi(X
•|Ii , Y |Ii)
g / HomΦ(i)(X•i ,MiY )
is a pullback square (here on the left-hand sides we mean Hom in the respective category of presections). By [4, Theorem
16.4.2.(1)], the map q is a fibration of simplicial sets, hence p is also a fibration. The ith matching space of the diagram we
consider is the left lower corner of the above square, hence the first part of (1) follows. The second part is standard.
We claim that g is a weak equivalence: Indeed, applying the Quillen adjunction between li andMi to the codomain of g
we see that g is induced by the map li(X•i )→ X•|Ii which is a weak equivalence since X is homotopy compatible. It follows
by [4, Corollary 16.5.5.(1)] that f is a weak equivalence, which proves (2). 
4. Recollections on simplicial localizations
We denote by UsCat the U-category of all U-small categories enriched in UsSet. By the main result of [2] this is a
cofibrantly generated U-model category. We recall the model structure and give some more definitions.
Applying the functor pi0 to the mapping spaces of a simplicial category K ∈ UsCat we get a U-small category pi0K .
Applying the functor Ho to the mapping spaces yields a U-small categoryΠ∞K enriched in HoUsSet.
Amap in a simplicial category K , i.e. a 0-simplex of somemapping space, is called a homotopy equivalence if it is mapped
to an isomorphism in pi0K .
A map f : K → L is then defined to be a weak equivalence if Π∞K → Π∞L is an equivalence. The map f is called a
fibration if f induces fibrations of simplicial sets on the Hom objects and if for any object X of K and homotopy equivalence
ϕ : fX → Y in L there exists a homotopy equivalence ϕ′ : X → Y ′ in K with f ϕ′ = ϕ.
We call f a homotopy embedding ifΠ∞K → Π∞L is fully faithful. The homotopy essential image of f is defined to be the
full simplicial subcategory of L consisting of the objects which get isomorphic to objects of the image of pi0f in pi0L.
Recall from [5, 2.1.] the Dwyer–Kan simplicial localization (also known as the hammock localization), which assigns to
any pair (C,W) consisting of a U-category C (or more generally a V-small category C) and a subcategoryW ⊂ C a V-small
simplicial categoryLWC ∈ VsCat. If the subcategoryW is clear from the context we just writeLC. If C is a model category
we take as subcategoryW the subcategory of weak equivalences.
The simplicial localization is functorial in functors which preserve the subcategoriesW . This implies that we can view
the Dwyer–Kan localization as a functor
UModCat → VsCat ,
C 7→ LCc
where we consider UModCat as a usual 1-category with morphisms the left Quillen functors.
Dwyer and Kan prove the following statements:
• The full embeddings Ccf ⊂ C, Cc ⊂ C and Cf ⊂ C all induce weak equivalences on simplicial localizations.
• For two objects A, B ∈ C there is a canonical isomorphism
map(A, B) ∼= homΠ∞LC(A, B) (1)
in HoUsSet. (see [6, Proposition 4.4 and its proof 7.2]). In particular themorphism spaces ofLC have the homotopy type
of U-simplicial sets, i.e.Π∞LC can be viewed as being enriched over HoUsSet.
• If C is a simplicial model category [6, Proposition 4.8] gives another simplicial localization LsC (corresponding to
diagLHC∗ in the notation of Dwyer and Kan) such that there are weak equivalences
LC → LsC ← Ccf
of V-small simplicial categories.
Let C be a U-model category and D a U- or a V-model category. Let C ′ ⊂ C be one of the subcategories Ccf , Cc , Cf or
C. Suppose F : C ′ → D is a functor which preserves weak equivalences. Let X, Y be two objects of C ′ and suppose X is
cofibrant. Let Y → Y• be a simplicial resolution of Y which we can suppose to lie in (C ′)4op and let QFX → FX be a cofibrant
replacement of FX inD and FY• → RFY• a fibrant replacement of FY• inD4op . Hence RFY• is a simplicial resolution of FY .
In this situation we have
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Lemma 4.1. The induced map
Hom(X, Y•)→ Hom(QFX, RFY•)
equals the induced map
homLC′(X, Y )→ homLD(FX, FY )
in HoVsSet via the identifications (1).
Proof. The chain of weak equivalences between the two simplicial sets in questionwhich is given in [6, 7.2] is not functorial
on the nose, since at one place special two-sided fractions are used inwhich theweak equivalences are additionally required
to be a fibration respectively a cofibration. But knowing already that allmaps areweak equivalenceswe can replace the nerve
Ns of the category of these special two-sided fractions by the nerve N of the category of all two-sided fractions, since the
reduction map from this nerve to the hammock mapping simplicial set is also a weak equivalence. After this replacement
there is an induced map on suitable chains connecting the respective two mapping spaces. 
5. Recollections onV-model categories
Let V be a cofibrantly generated symmetric monoidal U-model category.
We will need the notions from Section 3 also in the enriched context and just indicate very briefly which statements
hold. So suppose that the functor Φ has values in U-model categories enriched over V and that the transition functors are
left Quillen functors of V-enriched model categories. Then the inverse model structure on PSect(I,Φ) is also V-enriched.
The tensor and cotensor structure of the V-enrichment are defined objectwise, and the V-morphism spaces are given by
the formula
hom(X, Y ) =
∫
i∈Iop
hom(X(i), Y (i)),
the modified end over the functor
Sd(Iop) → V,
(f : i→ j in I) 7→ hom(f ∗X(j), Y (i)),
see Appendix.
Let K be aU-small category enriched inV . We denote by PShV(K) the category ofV-presheaves on K , i.e. the category of
V-functors from K op toV . The category PShV(K) is naturally enriched tensored and cotensored overV . If all Hom objects of
K are cofibrant then PShV(K) is a cofibrantly generated U-model category enriched in V with respect to the projective
model structure, where the fibrations and weak equivalences are objectwise. In the case that the tensor product on V
is the categorical product PShV(K) is also symmetric monoidal and there is a symmetric monoidal left Quillen functor
V → PShV(K)which sends an object X ∈ V to the constant presheaf on X . Note that this functor exists since there are the
maps homK (A, B)→ pt
idX−→Hom(X, X).
The important statement for us will be the V-Yoneda embedding which states that the functor
K → PShV(K)
X 7→ hX := hom(·, X)
is a full V-embedding, i.e. a V-functor inducing isomorphisms on Hom objects. Moreover if the tensor unit inV is cofibrant
the image of this functor is contained in the subcategory of cofibrant objects, and if all mapping objects of K are fibrant then
the functor has values in cofibrant and fibrant objects.
Let now ϕ : K → L be aV-functor betweenU-smallV-enriched categories. Precomposingwith ϕ defines a right Quillen
functor
ϕ∗ : PShV(L)→ PShV(K)
of V-enriched model categories. The Yoneda embeddings commute with respect to ϕ and the left adjoint ϕ∗ of ϕ∗, i.e. the
square
K
ϕ /

L

PShV(K)
ϕ∗ / PShV(L)
commutes up to a natural 2-isomorphism.
Let us specialize to the case V = UsSet. As a consequence of the V-Yoneda embedding in this case we have
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Proposition 5.1. Let K ∈ UsCatf , i.e. K is a U-small simplicially enriched category with Kan simplicial Hom spaces. Let
D := PShUsSet(K) equipped with the projective model structure. Then the Yoneda embedding factors through a full simplicial
embedding K ⊂ Dcf .
Corollary 5.2. Let C be a U-model category and let LC → C f be a fibrant replacement in VsCat. Then the map LC →
PShVsSet(C f ) is a homotopy embedding and the induced map HoC → Ho PShVsSet(C f ) is a full embedding.
We will need the following
Lemma 5.3. (1) Let l : K → L be a map in UsCat and suppose that the induced functor l˜ : Π∞K → Π∞L of HoUsSet-
enriched categories has a right adjoint r˜ . Let lˆ : Ho PShUsSet(K)→ Ho PShUsSet(L) be the functor induced by l and let r ′ be
its right adjoint. Let B ∈ L. Then the canonical map
ψ : hr˜(B) → r ′(hB)
is an isomorphism in Ho PShUsSet(L).
(2) Let C be a U-model category and let LC → C f be a fibrant replacement in VsCat. Then the functor C → PShVsSet(C f )
commutes with U-small homotopy limits.
Proof. (1) follows from the fact that the induced HoUsSet-valued presheaves on pi0K from both sides are identified with
the presheaf
A 7→ homΠ∞L(l˜(A), B)
and ψ is compatible with these identifications.
(2) follows from the fact that homotopy limits in PShVsSet(K) commute with the evaluation on objects map. 
6. The comparison
Recall that we are given a pseudofunctorΦ : Iop → UModCat. LetCi := Φ(i) for i ∈ I . Wewill writeC• forΦ . To replace
Φ by a strict functor we use the following well-known retification: For i ∈ I let Cstri be the category with objects pairs (f , X)
consisting of a morphism f : i → j in I and an object X ∈ Cj. The morphism set from (f , X) to (g, Y ), where f : i → j
and g : i → k, is HomCi(f ∗X, g∗Y ). The functors Ci → Cstri , X 7→ (idi, X), and Cstri → Ci, (f , X) 7→ f ∗X , (*), are adjoint
equivalences.
For f : i → j in I let f ∗ : Cstrj → Cstri be the functor which sends (g, X) to (g ◦ f , X). This defines a strict functor
i 7→ Cstri from Iop to UCat. The functors (*) fit together to give weakly inverse natural pseudoequivalences between the
pseudofunctors C• and Cstr• . This induces e.g. adjoint equivalences between PSect(I,C•) and PSect(I,Cstr• ).
The model structures also carry over to give a strict diagram Cstr• of U-model categories inducing equivalences of model
categories of presections.
Let C• := LCstr•,c be the simplicial localization of the diagram Cstr•,c , so C• ∈ (VsCat)Iop . We view the latter category as a V-
model category with respect to the injective model structure. Let C• → C f• be a fibrant replacement in this model category.
Let C˜ be the U-model category PSect(I,C•).
We can now formulate our main result:
Theorem 6.1. Let (LC˜)hc ⊂ LC˜ be the full simplicial subcategory of homotopy compatible systems. Then (LC˜)hc and
holimC• ' lim C f• are naturally isomorphic in HoVsCat.
Proof. The strategy of the proof is as follows: We embed each C fi into simplicial presheaves on C
f
i via the simplicial Yoneda
embedding (Proposition 5.1). These simplicial presheaf categories form a diagram of simplicial model categories, and we
consider the simplicial model category of presections thereof. Applying the simplicial localizationLs to this category yields
a simplicial categorywhich receives both a simplicial functor from (LC˜c)hc and from lim C f• . Wewill show that both functors
are homotopy embeddings with the same homotopy essential image, which yields the proof of the theorem.
So letD• := PShVsSet(C f•,VsSet). The assignment i 7→ Di is a pseudofunctor from Iop to simplicial V-model categories.
Let D˜ := PSect(I,D•). By the statements of paragraph 4 this is also a simplicial V-model category. Let E := LsD˜ . The
canonical functor
κ : C˜c → D˜
preserves objectwise weak equivalences, i.e. preserves equivalences, hence there is an induced functor LC˜c → LD˜ of
W-small simplicial categories. Denote the composition of the functors
(LC˜c)hc ⊂ LC˜c → LD˜ → E
by ρ1. This is a map inWsCat.
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Lemma 6.2. ρ1 is a homotopy embedding.
Proof. We have to prove that for two homotopy compatible systems X, Y ∈ C˜cf the induced map
homLC˜c (X, Y )→ homLD˜(κ(X), κ(Y )) (2)
is a weak equivalence. κ(X) and κ(Y ) are objectwise fibrant and cofibrant in D˜ , so they are cofibrant. Choose a simplicial
resolution Y → Y• of Y and let κ(Y•) → Z• be a fibrant replacement in (D˜)4op . We have a transformation of simplicial
diagrams over Iop from
i 7→ HomPSect(I/i,C•)(X |(I/i), (Y•)|(I/i))
to
i 7→ HomPSect(I/i,D•)(κ(X)|(I/i), (Z•)|(I/i))
which is an objectwise weak equivalence by Lemmas 4.1 and 3.1(2). The induced map on the limits is just the map
Hom(X,Y•)→ Hom(κ(X),Z•). (3)
But both limits are also homotopy limits by Lemma 3.1, hence (3) is a weak equivalence. Passing to HoWsSet this map is
naturally isomorphic to the map (2) again by Lemma 4.1, hence the Lemma. 
We are now going to define our second simplicial functor. Note first that there is a canonical full simplicial embedding
ψ : lim C f• ⊂ D˜ .
Lemma 6.3. The simplicial functor ψ factors through D˜cf.
Proof. Being cofibrant in D˜ means being objectwise cofibrant, therefore ψ takes values in cofibrant objects. Being fibrant
means fulfilling the matching space condition, in particular being objectwise fibrant. Fix X• ∈ (lim C f•) and denote by hX•
the image of X• in D˜ . Fix i ∈ Iop. It is necessary to show that the map hXi → MihX• is a fibration in Di, i.e. an objectwise
fibration with respect to objects in C fi . But evaluated on an object Y ∈ C fi this map is nothing but themap from homC fi (Y , Xi)
to the idith matching space of the diagram
i/(Iop) → VsSet
(g : i→ j) 7→ homC fj (g(Y ), Xj).
This map is a fibration since C f• is fibrant in (VsCat)I
op
. 
Denote the composition
lim C f• → D˜cf → E
by ρ2. This is a map inWsCat. By the properties of the simplicial localization it follows
Corollary 6.4. ρ2 is a homotopy embedding.
Corollary 6.5. A map in lim C f• is a homotopy equivalence if and only if it is objectwise (relative to I) a homotopy equivalence.
Proof. This follows from Corollary 6.4 by the analogous statement in D˜ . 
Lemma 6.6. The homotopy essential images of ρ1 and ρ2 coincide.
Proof. For any i ∈ I letD◦i ⊂ LDi be the homotopy essential image of the functorLCi,c → LDi. We claim that the objects
of both the homotopy essential image of ρ1 and of ρ2 are the homotopy compatible systems X• ∈ D˜ such that every Xi
belongs toD◦i .
We first show this statement for ρ1. Let X• ∈ D˜ such that each Xi ∈ D◦i . Without loss of generality we can assume that
X• is fibrant in D˜ . We define a weak equivalence Y• → X• with Y• ∈ C˜cf inductively with respect to the degree function on
Iop. Let n ∈ N and suppose that Yi ∈ Ci is already defined for deg(i) < n fitting together to a cofibrant and fibrant object Y<n
of C<n and that we have an objectwise weak equivalence Y<n → X<n in D˜<n, the category of presections of the diagram
D<n.
Let now i be an object of Iop of degree n. Let ι be the functor Ci → Di. By Corollary 5.2 Ho ι is a full embedding. Choose a
cofibrant object Y ′i in Ci weakly equivalent to Xi inDi together with a weak equivalence f ′ : ι(Y ′i )→ Xi. By Lemma 5.3 (1)
and (2) we know that the canonical map g : ι(MiY<n)→ MiX• is a weak equivalence inDi. Choose a lift p′ : Y ′i → MiY<n of
themap in HomHoCi(Y
′
i ,MiY<n) corresponding to themap q : Xi → MiX• inHoDi via the identifications f ′ and g , and factor
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p′ by a trivial cofibration ϕ : Y ′i → Yi followed by a fibration p : Yi → MiY<n. Choose a map f˜ : Yi → Xi representing the
map in HomHoDi(ι(Yi), Xi) corresponding to f
′. Now the square
ι(Yi)
f˜ /
p

Xi
q

ι(MiY<n)
g / MiX•
is homotopy commutative, and since ι(Yi) is cofibrant and q is a fibration we can change f˜ to a homotopic map f such that
the square becomes commutative. This finishes the induction step to degree n and we are done with ρ1.
For the statement about ρ2 it is sufficient to start with an object X• ∈ C˜c,hc and construct a weak equivalence X• → Y•
in D˜ with Y• ∈ lim C f• . We do this again by induction on the degree of objects in Iop. Suppose we already have constructed
a Y<n ∈ lim C f<n together with a weak equivalence ϕ : X<n → Y<n in D˜<n. Fix an object i ∈ Iop of degree n. Then Y<n gives
rise to an object Y<i ∈ MiC f• . Let p : C fi → MiC f• be the canonical map. It is a fibration since C f• is fibrant. Note that ϕ induces
a mapψ : p(Xi)→ Y<i inMiC f• , and because X• is homotopy compatible it follows from Corollary 6.5 applied to Ii thatψ is
a homotopy equivalence. Therefore by the characterization of the fibrations in VsCatwe can find an object Yi ∈ C fi together
with a homotopy equivalence Xi → Yi in C fi such that p(Yi) = Y<i. This gives the induction step to degree n, and we are
finished. 
Lemma 6.2, Corollary 6.4 and Lemma 6.6 together give rise to a canonical isomorphism γ : (LC˜)hc ∼= lim C f• inHoWsCat
comparing both to their homotopy essential image in E . We have to show that this isomorphism already lives in HoVsCat.
But the natural functor HoVsCat→ HoWsCat is a full embedding since the factorizations in the model category are given
by the small object argument involving only cardinals belonging to U. 
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Appendix. Background on Enriched categories
Here let I be a U-small category, V a U-complete closed symmetric monoidal U-category and Φ : Iop → CatV a
pseudofunctor from Iop to the V-2-category ofV-enriched tensored and cotensored U-categories. CatV has as 1-morphisms
the V-functors and as 2-morphisms natural transformations between V-functors.
We will shortly outline in which way PSect(I,Φ) is enriched tensored and cotensored both over V and PSh(I,V).
Let us first recall that PSh(I,V) is again a closed symmetric monoidal category: The tensor product of two presheaves is
defined objectwise. The internal Hom between F and G is defined by
Hom(F ,G)(i) :=
∫
(j→i)∈(I/i)op
Hom(F(j), (G(j))),
where the end is over the bifunctor
(I/i)× (I/i)op 3 (j→ i, k→ i) 7→ Hom(F(j),G(k)).
There is a symmetric monoidal functor V → PSh(I,V) sending an object X ∈ V to the constant presheaf on X . It has a
right adjoint, namely the global sections functor F 7→ Γ (F).
Next we introduce the modified end:
Let J be a U-small category. We denote by Sd(J) Quillen’s subdivision category of J , i.e. the category which has as objects
the morphisms of I and as morphisms from f : A→ B to g : C → D the commutative diagrams
A
f / B

C
O
g / D
.
Let H : Sd(J)→ V be a functor. We define the modified end of H , denoted abusively by∫
X∈I
H(X, X),
776 M. Spitzweck / Journal of Pure and Applied Algebra 214 (2010) 769–777
to be the equalizer of the diagram∏
X∈Ob(I) H(idX )
/
/
∏
f∈Mor(I) H(f ) .
Here the uppermap is induced by themapsH(ϕ) : H(idX )→ H(f ), and the lower one by themapsH(ψ) : H(idY )→ H(f ),
where ϕ and ψ are the diagrams
X
id / X
f

X
f /
id
O
Y
and Y
id / Y
id

X
f /
f
O
Y
,
respectively.
Fix now two objects X, Y ∈ PSect(I,Φ). We have the functor
HX,Y : Sd(Iop)→ V
that sends f ∈ HomI(i, j) to hom(f ∗X(j), Y (i)) and a map
i
f / j

k
g /
O
l
in Sd(Iop) from f to g to the induced map
hom(f ∗X(j), Y (i))→ hom(g∗X(l), Y (k)).
By precomposition we get for any i ∈ I a functor H iX,Y : Sd((I/i)op)→ V .
Claim-Definition: Let
homPSh(X, Y )(i) :=
∫
(j→i)∈(I/i)op
hom(X(j), Y (j))
be the modified end over the functor H iX,Y .
By the assignment
Iop → V
i 7→ homPSh(X, Y )(i)
we get an object of PSh(I,V) defining a PSh(I,V)-enrichment of PSect(I,Φ) which is tensored and cotensored for the
objectwise tensor and cotensor structure. Moreover the induced tensored and cotensored enrichment over V is given by
the formula
hom(X, Y ) =
∫
i∈Iop
hom(X(i), Y (i)).
We first prove the more general statement that these formulas always define enrichments for a pseudofunctorΦ having
values inV-enriched (not necessarily tensored and cotensored)U-categories. First note that Sd((I/i)op) and theH iX,Y depend
covariantly on i ∈ I , hence the modified ends depend contravariantly on i ∈ I , so we get a presheaf. Also the assignment
(X, Y ) 7→ homPSh(X, Y ) is contravariant in X and covariant in Y , which establishes the homPSh-bifunctor.
Next we define the composition map. We do it for the enrichment over V , the other case is similar. Let X, Y , Z ∈
PSect(I,Φ). We have a map(∏
i∈ObI
hom(X(i), Y (i))
)
⊗
(∏
i∈ObI
hom(Y (i), Z(i))
)
→
∏
i∈ObI
hom(X(i), Z(i)).
The ith component is given by first projecting to the ith factors and then applying the composition map. We have to verify
that the composition ϕ of this map and the natural map
hom(X, Y )⊗ hom(Y , Z)→
(∏
i∈ObI
hom(X(i), Y (i))
)
⊗
(∏
i∈ObI
hom(Y (i), Z(i))
)
factors through the monomorphism
hom(X, Z) =
∫
i∈Iop
hom(X(i), Z(i)) ↪→
∏
i∈ObI
hom(X(i), Z(i)).
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For this we show that for any f ∈ HomI(k, j) the two prolongations of ϕ with∏
i∈ObI hom(X(i), Z(i))
/
/ hom(f ∗X(j), Z(k))
given by projecting to the kth respectively the jth factor and applying f ∗ and composing with f ∗Z(j) → Z(k) respectively
precomposing with f ∗X(j)→ X(k) coincide. Let A := X(k), B := Y (k), C := Z(k), A′ := f ∗X(j), B′ := f ∗Y (j) and C ′ := f ∗Z(j).
Let F := hom(A, B)×hom(A′,B) hom(A′, B′) and G := hom(B, C)×hom(B′,C) hom(B′, C ′). In the commutative diagram
F ⊗ G
wooo
ooo
ooo
ooo

'PP
PPP
PPP
PPP
P
hom(A, B)⊗
hom(B, C)

hom(A′, B′)⊗
hom(B′, C ′)

hom(A′, B′)⊗
hom(B, C)
xppp
ppp
ppp
pp

'NN
NNN
NNN
NNN
hom(A′, B)⊗
hom(B, C)
'OO
OOO
OOO
OOO
hom(A′, B′)⊗
hom(B′, C)
wooo
ooo
ooo
oo
hom(A′, C)
these maps are induced from the right-most respectively the left-most compositions, hence they coincide.
Now suppose Φ has values in V-enriched tensored and cotensored U-categories. Let F ∈ PSh(I,V) and X, Y ∈
PSect(I,Φ).
We are going to construct a natural isomorphism between Hom(F ⊗ X, Y ) and Hom(F , homPSh(X, Y )). We have the
following formulas:
Hom(F ⊗ X, Y ) =
∫
i∈Iop
Hom(F(i)⊗ X(i), Y (i)) (4)
and
Hom(F , homPSh(X, Y )) =
∫
i∈Iop
Hom
(
F(i),
∫
(j→i)∈(I/i)op
hom(X(j), Y (j))
)
. (5)
Let (ϕk)k∈ObI ∈ ∏k∈ObI Hom(F(k) ⊗ X(k), Y (k)) be an element of the end in Eq. (4). Let f : j → i be a map in I .
Precomposing ϕj with F(f )⊗ idX(j) and taking the adjoint we get a mapψf : F(i)→ hom(X(j), Y (j)). One checks now that
for fixed i the ψf define a map F(i)→ homPSh(X, Y )(i) and that these maps together give an element of the end in Eq. (5).
On the other hand for an i ∈ I the idith component of the ith component of the end in (5) gives a map F(i)⊗X(i)→ Y (i),
and one shows that this collection of maps lies in the end in (4).
These assignments are inverse to each other and natural in F , X and Y .
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